
Announcements
.

1) Today is the last day

to drop individual
Classes

2) HW #4 up on Canvas ,

due Tuesday next week

( Web work t written )



tell:( local maxima )

For z=f( x ,y )
,
( a , b) is

an absolute maximum if

there exists r >0 such that

f( a ,b ) > f( × ,y ) when

11 ( a ,
b) - Lx ,y)1|< r .



Local Minima
.

Same Kind of definition ,

except

f(qb)Lf(x€
when 11 ( a ,b) - ( x ,y)11< r



Picture

µ¥÷yi(a.baIn ,



Non - differentiable local

maxima and minima

€€c4
max

t¥
local min



( ak I Consequence
-

Suppose

z=f( xiy ) has a local

maximum or minimum at

( a ,b ) .
IF FE s ¥5

both exist at ( a ,b ) , then

¥×Taih=Ffkh=€



Critical Points
-

A critical point for

Z=f( × ,y ) is any point

( a ,b ) where either f

is not differentiable at

( a ,b

;
tyaistoostcaisre
hen ( a ,b ) is in the domain

of f .



Recall : 1st Derivative test in

Calc I - find all

critical points of f.

Draw then on a

number line .
Plus points

in between Critical points

into f
'

:

¥±
2 4

Foolproof !



There is no 1st Derivative Test Now !

.

Second Derivative Test :

find critical points where

f
'

exists ( f '

is zero ) .

Take the second derivative )

plug these points in .

1) f "
70 , local min

2) f
"
LO ,

local max

3) f "= 0 test Fails !



Second Derivative Test
.

( 2 variables )

Let z=f(×|y) be a function

of two variables ,
and suppose

( a ,
b) is a critical point .

Suppose 0£ , flfy exist , so

¥ ( a ,b)=¥j( a ,b)=0 .

a en



¥ oo±x¥ro¥ox¥ 's
Ef 0¥

out fees¥4 .
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Then

I ) If D( a ,b ) > 0 and

jf
gxs

( a ,
b) < 0

,
then

( ais ) gives a local max



21 If Dca , b) 70 and

Ojxtslaib ) >o ,
then

(a) b ) gives a local min

3) If D( a ,b)< 0 , then

f has neither a local max

nor a local min ,
but

a saddle point

Saddle point

0¥:#i



4) IF either D( a )b)=O

Or §¥a ,
b) =0 in a ) or b)

the test fails and

you know nothing !



find: f ( × ,y)=×y( 1- x -

y )

Find all critical points ,

Classify as local max ,

local min ) or saddle points .

fcxiy ) = xy - ×2y - xy3

End off lots



¥× = y
- 2×y - y2

¥ = × - X
2- 2y×

For a critical point ,

0 = y
- 2 xy

- y
2

= × - ×3 - 2xy

0 = y - 2 xy - y2 sokctx

2×y= y - y
2



2 xy = y
- y2

if yt 0
,

divide

both sides by y
:

2× = I -

yes .

Plug into 0¥=÷2- dxy = O

( ¥ ) . ( ¥2 . 2(¥)y=o



Pull out If ,
divide

if If to

/
- ( ¥ ) -25-0

2- ( I - y ) -

4¥¥Ii×E¥±€



If

yafxf = O gives nothing .

¥s=O gives

× -xi#



If

×#fxt=O gives

y
- y2=O ,y§



Critical Points

÷
,
( 0,1 ) , ( 1,0 ) ,

CY } , 43 )

Compute second - order partials

¥ = y - 2×y - y
2

¥j= x - 2×5×2

Its = - as , 0¥
= ×

Clair ault

€665=L - 2×-2 ,



D= ¥s¥stf¥D
'

= 4×y - ( 1-2×-243

22¥s= -2g

@( 0,0 ) Dl 0,0 )= -1

Saddle point

@( 1,0 ) Damaddle point



D= Effi ' EFI
= 4×y - ( 1-2×-243

22£s= - 2g

@( 0,1 ) Dlo , D= -1

Saddle point

@( ' bib ) Dllbib )

= % - Ya=k 70

02£ ( B ,Ys)= -3<0

local max



Absolute maxima and

minima
.

Recall : Calc I case : A

Continuous function on a

closed interval attains

Its maximum andminimum
on that interval .



Analog in 1122

.

Replace " closed interval
"

with
"
Closed and

bounded Set
"

:

A subset S of 1122 is

bounded if there is an

r 30 such that

11 ( XM ) 11 Lr when

( Hy ) is in S .



A subset S of 1122 is

Closed if it Contains

Its " boundary
"

Pictures :

8,48%8#÷tno%%

#
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Procedure for finding Absolute

Maxima and Minima

.

Works for Continuous

functions on closed and

bounded sets

1) find all critical points

NOT on the boundary



21 Plug the boundary

equation into the

function - this gives

a function of one

variable . find all

critical points of this

function

31 Plug all points found in

I ) and 2) into your

original function .
Biggest

Value = max ,
smallest - min

.



fixed: f( x , D= x34 ,

find absolute maximum

and minimum on the

unit disk :

{ His ) 1×2+5<-13

Boundary : unit circle

x2ty2= I
.

I ) find partials .

¥ = 2×94 , ¥5455



( 0 )y1 or ( × ,o )

all

gixtoeso .

2) Next class !


